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ABSTRACT: We consider a model for gene regulatory networks that is a modification of Kauff-
mann’s J Theor Biol 22 (1969), 437-467 random Boolean networks. There are three parameters:
n = the number of nodes, r = the number of inputs to each node, and p = the expected fraction of
1’s in the Boolean functions at each node. Following a standard practice in the physics literature, we
use a threshold contact process on a random graph on n nodes, in which each node has in degree r,
to approximate its dynamics. We show that if » > 3 and r - 2p(1 — p) > 1, then the threshold con-
tact process persists for a long time, which correspond to chaotic behavior of the Boolean network.
Unfortunately, we are only able to prove the persistence time is > exp(cn®®) with b(p) > 0 when
r-2p(1 —p) > 1,and b(p) = 1 when (r — 1) - 2p(1 — p) > 1. © 2011 Wiley Periodicals, Inc. Random
Struct. Alg., 39, 228-246, 2011

Keywords: random graphs; threshold contact process; phase transition, random Boolean networks;
gene regulatory networks

1. INTRODUCTION

Random Boolean networks were originally developed by Kauffman [9] as an abstraction of
genetic regulatory networks. In our version of his model, the state of each node x € V,, =
{1,2,...,n}attimet = 0,1,2,...1s n,(x) € {0, 1}, and each node x receives input from r
distinct nodes y; (x), . .., y,(x), which are chosen randomly from V, \ {x}.
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ANNEALED APPROXIMATION OF RANDOM BOOLEAN NETWORKS 229

We construct our random directed graph G, on the vertex set V, = {1,2,...,n} by
putting oriented edges to each node from its input nodes. To be precise, we define the graph
by creating a random mapping ¢ : V, x {1,2,...,r} — V,, where ¢ (x,i) = y;(x), such
that y;(x) # x for 1 < i < r and y;(x) # y;(x) when i # j, and taking the edge set
E, ={(i(x),x):1<i<r,x eV,}. Soeach vertex has in-degree r in our random graph
G, The total number of choices for ¢ is [(n —1)(n —2) - - - (n — r)]". However, the resulting
graph G, will remain the same under any permutation of the vectory, = (y;(x),...,y,(x))
for any x € V,,. So if e,, € {0, 1} is the number of directed edges from node z to node x in
G,, then Z:; | €.« = 1, and the total number of permutations of the vectors y,,1 <x < n,
that correspond to the same graph is (r!)". So if P denotes the distribution of G,, then

(rhyr 1
Ple,, 1 <z,x <n) = =

[(n=D@=2)-- =0 [(""1

ife,, € {0,1},e,, = 0 and ZZ:I e, = rforallx € V,, and P(e,,1 < x,z <n) =0
otherwise. So our random graph G, has uniform distribution over the collection of all
directed graphs on the vertex set V, in which each vertex has in-degree r. Once chosen the
network remains fixed through time. The rule for updating node x is

N1 (X)) = f (01 (), ..., m: (3 (X)),

where the values f,(v), x € V,, v € {0, 1}, chosen at the beginning and then fixed for all
time, are independent and = 1 with probability p.

A number of simulation studies have investigated the behavior of this model. See
Kadanoff et al. [8] for survey. Flyvberg and Kjaer [6] have studied the degenerate case
of r = 1 in detail. Derrida and Pommeau [2] have argued that for » > 3 there is a phase
transition in the behavior of these networks between rapid convergence to a fixed point and
exponentially long persistence of changes, and identified the phase transition curve to be
given by the equation r - 2p(1 — p) = 1. The networks with parameters below the curve
have behavior that is “ordered”, and those with parameters above the curve have “chaotic”
behavior. Since chaos is not healthy for a biological network, it should not be surprising
that real biological networks avoid this phase. See Kauffman [10], Shmulevich et al. [13],
and Nykter et al. [12].

To explain the intuition behind the conclusion of Derrida and Pomeau [2], we define
another process {¢,(x) : ¢ > 1} for x € V,, which they called the annealed approximation.
The idea is that ¢, (x) = 1 if and only if n,(x) # n,_1(x), and ¢, (x) = O otherwise. Now
if the state of at least one of the inputs y; (x), ..., y,(x) into node x has changed at time ¢,
then the state of node x at time ¢ 4+ 1 will be computed by looking at a different value of f,.
If we ignore the fact that we may have used this entry before, we get the dynamics of the
threshold contact process

PG () = HE(n () + -+ + &, (x)) > 0) = 2p(1 — p), and
PG (x) =015 (6) + -+ + & (0, (x)) =0) = L.

Conditional on the state at time ¢, the decisions on the values of ¢, (x), x € V,, are made
independently.

We content ourselves to work with the threshold contact process, since it gives an
approximate sense of the original model, and we can prove rigorous results about its behav-
ior. To simplify notation and explore the full range of threshold contact processes we let
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230 CHATTERJEE AND DURRETT

q = 2p(1 — p), and suppose 0 < g < 1. As mentioned above, it is widely accepted that the
condition for prolonged persistence of the threshold contact process is gr > 1. To explain
this, we note that vertices in the graph G, have average out-degree r, so a value of 1 at a
vertex will, on the average, produce gr 1’s in the next generation.

We will also write the threshold contact process as a set valued process. Let £ = {x :
&(x) = 1}. We will refer to the vertices x € & as occupied at time ¢. So if Pg, is the
distribution of the threshold contact process & = {£; : t+ > 0} conditioned on the graph G,,
then

Pe,(x € &l (), ..., @)} NE #0) =gq, and
Pg,(x € &1l (x), ...,y @)} NE =0) =0,

and if P denotes the distribution of the threshold contact process on the random graph G,
which has distribution PP, then

P(:) = EPg, (), (1.1)

where [ is the expectation corresponding to the probability distribution PP.

Let §A = {&* : 1 > 0} denote the threshold contact process starting from &' = A C V,,,
and ' = {€! : t > 0} denote the special case when A = V,,. Let p be the survival probability
of a branching process with offspring distribution p, = g and py = 1 — ¢g. By branching
process theory

p=1—6, where 0 € (0, 1) satisfies6 =1 — g+ ¢g0". (1.2)
Using all the ingredients above we now present our first result.

Theorem 1.  Suppose q(r — 1) > 1 and let 5 > 0. Let P be the probability distribution in
(1.1). Then there is a positive constant C(8) so that as n — o0

1
inf P(EZ/)—Z(S)—)I.
t<exp(C(8)n) n

The threshold contact process will eventually die out on any finite graph. But it certainly
cannot last longer than exp(O(n)) units of time, because the number of vertices is n, and so
even if all vertices are occupied at time O, there is a probability > (1 — ¢)" that all of them
will be vacant at time 1. )

To prove Theorem 1, we will consider the dual coalescing branching process &§ = (& :
t > 0}. In this process if x is occupied at time ¢, then with probability ¢ all of the sites
y1(x),...,y.(x) will be occupied at time ¢ 4+ 1, and with probability 1 — g none of them

~A
will be occupied at time ¢ + 1. Birth events from different sites are independent. Let § =
{€* : t > 0} be the dual process starting from &' = A C V,. The two processes can be
constructed on the same sample space so that for any choices of A and B for the initial sets

of occupied sites, £* and é ’ satisfies the following duality relationship, see Griffeath [7].
[EANB#0) ={EfnA#£0}, 1=0,12,.... (1.3)
Taking A = {1,2,...,n} and B = {x} this says
freg'}={EW £}, (1.4)
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or, taking probabilities of both the events above, the density of occupied sites in &' at time

t is equal to the probability that é o survives until time 7. Since over small distances our
graph looks like a tree in which each vertex has r descendants, the last quantity =~ p.

From (1.3) it should be clear that we can prove Theorem 1 by studying the coalescing
branching process. The key to this is an “isoperimetric inequality”. Let G, be the graph
obtained from our original graph G, = (V,,E,) by reversing the edges. That is, G, =
(V”,En), where E,, ={(x,y) : (,x) € E,}. Givenaset U C V,, let

U'={yeV,:x— yforsomex € U}, (1.5)

where x — y means (x,y) € 13",,. Note that U* can contain vertices of U. The idea behind
this definition is that if U is occupied at time ¢ in the coalescing branching process, then the
vertices in U* may be occupied at time ¢ + 1.

Theorem 2. Let E(m, k) be the event that there is a subset U C V,, with size |U| = m so
that |U*| < k. Given n > 0, there is an €y(n) > 0 so that for m < €gn

PlE(m,(r — 1 — n)m)] < exp(—nmlog(n/m)/2).

In words, the isoperimetric constant for small sets is  — 1. It is this result that forces us
to assume g(r — 1) > 1 in Theorem 1.

Claim. Thereis ac > 0 so that if n is large, then, with high probability, for each m < cn
there is a set U,, with |U,,| = mand |U}| <14 (r — Dm.

Sketch of Proof. Define an undirected graph H, on the vertex set V, so that x and y are
adjacent in H, if and only if there is a z so that x — z and y — z in G,. The drawing
illustrates the case r = 3.

The mean number of neighbors of a vertex in H, is r> > 9, so standard arguments show
that there is a ¢ > 0 so that, with probability tending to 1 as n — oo, there is a connected
component K, of H, with |K,,| > cn. If U is a connected subset of K, with |U| = |cn], then
by building up U one vertex at a time and keeping it connected we get a sequence of sets
{(Up.m=1,2,...,|cn]} with |U,,| =mand |U}| < 1+ (r — )m. .

Since the isoperimetric constant is < r — 1, it follows that when g(r — 1) < 1, then for
any € > 0 there are bad sets A with |A| < ne, so that E |§']A| < |A|. Computations from the
proof of Theorem 2 suggest that there are a large number of bad sets. We have no idea how
to bound the amount of time spent in bad sets, so we have to take a different approach to
show persistence when 1/r < g < 1/(r — 1).
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232 CHATTERJEE AND DURRETT

Theorem 3.  Suppose qr > 1. If 8y is small enough, then for any 0 < § < 8, there are
constants C(8) > 0 and B(§) = (1/8 — 28) log(gr — §)/ log r so that as n — oo

1
inf P(mZp—Z(S)—)l.
n

1<exp(C(8)-nB©®))

Based on results for the basic contact process on (Z mod n) by Durrett and Liu [4] and
Durrett and Schonmann [5], and on (Z mod n)¢ by Mountford [11], it is natural to believe
that the conclusion of Theorem 1 holds in all situations with gr > 1. But here we content
ourselves with the rather weak result.

To prove Theorem 3, we will again investigate persistence of the dual. Let

dy(x,y) = length of a shortest oriented path from x to y in G,,,

d(x.y) = min[dy(x.2) + dy (. )], (10
and for any subset A of vertices let
m(A,K) = I?ca/i({m :d(x,y) > Kforallx,y € S,x # y}. (1.7)

Let R = logn/log r be the average value of dy(1,2). So R is an average distance between
any two distinct vertices of the graph. Alsoleta = 1/8—é and B = (a—4§) log(qr—4)/logr.
We will show that if m(éSA, 2[aR]) < |n®] at some time s, then with high probability, we
will later have m(étA, 2[aR]) > |n®] forsome t > s. To do this we explore the vertices in G,
one at a time using a breadth-first search algorithm based on the distance function d,. We
say that a collision has occurred if we encounter a vertex more than once in the exploration
process. First we show in Lemma 3.1 that, with probability tending to 1 as n — oo, there
can be at most one collision in the set {u : dy(x,u) < 2[aR]} for any x € V,,. Then we argue
in Lemma 3.2 that when we first have m(£4, 2[aR]) < [n®], there is a subset N of occupied
sites so that [N| > (g — 8)|n®], and d(z,w) > 2[aR] — 2 for any two distinct vertices
z,w € N, and {u : dy(z,u) < 2[aR] — 1} has no collision. We run the dual process starting
from the vertices of N until time [aR] — 1, so they are independent. With high probability
there will be at least one vertex w € N for which |§F;%71| > [n®7. By the choice of N, for
any two distinct vertices x,z € é ({:1’;171 ,d(x,z) = 2[aR]. It seems foolish to pick only one
vertex w, but we do not know how to guarantee that the vertices are suitably separated if
we pick more.

2. PROOF OF THEOREM 1

We begin with the proof of the isoperimetric inequality, Theorem 2.

Proof of Theorem 2.  Let p(m, k) be the probability that there is a set U with |U| = m and
|U*| = k. First we will estimate p(m, £) where £ = |(r — 1 — n)m].

p(m, ) < > P(U* = U') < > P(U* C U').

{(U.U":|U=m,|U"|=0) (U.U":|U|=m,|U'|=t}

Random Structures and Algorithms DOI 10.1002/rsa
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According to the construction of G, for any x € U the other ends of the r edges coming
out of it are distinct and they are chosen at random from V, \ {x}. So

E:flﬂu _ <n|li,|l>r|u|’
= ()0) )

To bound the right-hand side, we use the trivial bound
(n) < T < (E)m, (2.2)
m m! m

where the second inequality follows from e” > m™ /m!. Using (2.2) in (2.1)

p(m. £) < (ne/my"(ne/€)' (5) ( " ) .

n—1

PWU*CU) = [

and hence

Recalling £ < (r — 1 — n)m, and accumulating the terms involving (m/n),r — 1 — n and e
the last expression becomes

< em(r—n) (m/n)m[—l—(r—l—ﬂ)+r] (}" — 1= n)—(r—l—n)m+rm[n/(n _ 1)]rm

=" (m/n)" (r — 1 — )" n/(n — D™

Letting c(n) =r —n+rlogn/(n — 1)) + (1 +n)loglr —1 —n) < Cforn e (0,r — 1),
we have

p(m, [ (r =1 —mn)m]) < exp(—nmlog(n/m) + Cm).

Summing over integers k = (r — 1 — n")m with n’ > 7, and noting that there are fewer than
rm terms in the sum, we have

PIE(m, (r — 1 — mm)] < exp(—nmlog(n/m) + C'm).

To clean up the result to the one given in Theorem 2, choose €, such that nlog(1/€p)/2 >
C’. Hence for any m < €yn,

nlog(n/m)/2 = nlog(1/€)/2 > C',

which gives the desired result. .

Our next goal is to show that the graph G, locally looks like a tree with high probability.
For that we explore all the vertices in V, one at a time, starting from a vertex x, and using
a breadth-first search algorithm based on the distance function d, of (1.6). More precisely,
for each x € V,, we define the sets A¥, which we call the active set at the k™ step, and RY,
which we call the removed set at k" step, fork =0, 1,. .., B,, where B, = min{/ : Ai = 0},
sequentially as follows. R® = ¢ and AY = {x}. Let D(x,]) = {y : do(x,y) < I}. For
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234 CHATTERJEE AND DURRETT

0 <k < B,,wegetko = min{/ : 0 < < k,AX\ND(x, ) # ¥}, and choose x; € A*ND(x, ko)
with the minimum index.

Ifx; € R, then A" = AN\ (), RS = RY and
if-xk ¢ RI;’ then AI;+1 = A’; ) {yl (xk)3 .. ’yr(xk)} \ {xk}’R/;+1 = Rﬁ U {xk}'

If x, € R*, we say that a collision has occurred while exploring G, starting from x. The
choice of x; ensures that while exploring the graph starting from x, for any j > 1, we
consider the vertices, which are at d, distance j from x, prior to those, which are at d,
distance j + 1 from x.

The next Lemma shows that with high probability R* will have k vertices, and for x # z,
R’; and R’Z‘ do not intersect each other, when k < n'/2=%. For the lemma we need the following
stopping times.

n—mm{ ‘R’|<l}

I>1
Jr”_mm{ >1:RINR £ 0} x #2,
{1=1

apt = C|RY = ' 701)8 < 172, 3

= min
B, =min{/>1: Ai_ﬂ}

So 7! is the time of first collision while exploring G, starting from x, and 7, is the time
of first collision while exploring G, simultaneously from x and z.

Lemma2.1. Suppose(0 < § < 1/2. Letlxl, xeV,andl,, x,7 € V,,x # z, be the events
LN={rrp =), L.=I'nLN{r.>a’val],
where !, 7, ., ™ and B, are the stopping times defined in (2.3). Then
P[(1))] =n®, P() <507 (2.4)
for large enough n.

Note that the randomness, which determines whether the events I; and I, occur or not,
arises only from the construction of the random graph G, and does not involve the threshold
contact process £' on G,.

Proof. Let$§ = 1/2—34. Since in the construction of the random graph G, the input nodes
vi(2),1 < i < r, for any vertex z are distinct and different from z, there are at least n — r
choices for each y;(z). Also |R'| < [ for any /. So

P([RY = [RE']) <k — D/(n — ). 2.5)

It is easy to check that 7! A B, > ™ if |R¥| # |R!| fork = 1,2,...,n’]. So

5

P(1))] < [V (IR = R Z (1R:] = R

e

S = =

k=1

Random Structures and Algorithms DOI 10.1002/rsa



ANNEALED APPROXIMATION OF RANDOM BOOLEAN NETWORKS 235

for large enough n. For the other assertion, note that I, . occurs if |[RY| # [RE![, |RE| # |RE!
and R‘NR* = @fork = 1,2,...,[n"]. Alsoif forsome k > 1 R‘NR* # Pand RINR. = ¢/
for all 1 < < k, then either Rk R'Ufx Yandxe_ € RS or R = RS U{z1} and
Zk—1 € RX Now since each of the input nodes in the construction of G, has at least n — r
choices, and |R.|,|R!| < [ for any /,

P(RENR #W,R.NR. =9¥,1 <1 <k)
<Py €RE)+P(zr €RY) < 2k —D/(n—71). (2.6)

Combining the error probabilities of (2.5) and (2.6)

P(15) = PLUPT (IRE = R U (RS = R U (RN R #9)]

[n]
< L IP(R = &) + PR = &) PRI TR 40 RI0R =01 <1 <)

rn”"]
<Y @k=3)/(n—r) <50 =507
k=1

for large n. .

Lemma 2.1 shows that G,l is locally tree-like. The number of vertices in the induced
subgraph G, with vertex set G, N {u : do(x,u) < M}isatmost 1+ r+ -4+ rM < 2/™.
So if I! occurs, then, for any M satisfying 2r¥ < n'/>~%, the subgraph G, is an oriented
finite r—tree, where each vertex except the leaves has out-degree r. Similarly if I, ; occurs,
then for any such M, GX,M N GZ,M = 0.

In the next lemma, we will use this to get a bound on the survival of the dual process for
small times. Let p be the branching process survival probability defined in (1.2).

Lemma22. Ifg>1/r,8 € (0,qr — 1),y = (20logr)~!, and b = y log(gr — §) then
forany x € V,, ifnis large,

(|€(2ylogn1 |—nb-|) = p— 3.
Proof. LetI! be the event

I = {7_[ A B >an|/4}

where 7!, B, o™/* are as in (2.3). Let Pz be the distribution of a branching process Z* =
{Z} :t=0,1,2,...} with Zj = 1 and offspring distribution py = 1 — g and p, = ¢. Since
g > 1/r, this is a supercritical branching process. Let B, be the event that the branching
process survives. Then

PZX(BX) =P,

where p is asin (1.2). If we condition on B,, then, using a large deviation result for branching
processes from Athreya [1],

Tl

VA
P (

ZX

> 6| B

—qr ) e o1 2.7)

Random Structures and Algorithms DOI 10.1002/rsa



236 CHATTERJEE AND DURRETT

for some constant ¢(§) > O and for large enough t. So if F, = {Z', > (gr —
8)Z; for |y logn] <t < [2y logn]}, then

(I2y logn])—1
Px(FiB) < Y e < Gt (2.8)

t=|y logn]

for some constant Cs > 0 and for large enough n. On the event B, N F,,

ZFZV - > (qr — 5)[21/ logn]—|y logn] > (qr — 5)V10gn — nylogwr—é)’
since Z|', 1,,,; = 1 0n B,.

. Ax} .. e
Now coming back to the dual process & , let P;1 denote the conditional distribution of

ém given I!. This does not specify the entire graph but we will only use the conditional law
for events that involve the process on the subtree whose existence is guaranteed by /!. By the
choice of y, the number of vertices in the subgraph induced by {u : dy(x,u) < [2y logn]}
is at most 2r/71°#"1 < n'/*. Then it is easy to see that we can couple P, with Pzx so that

P,;[(\é}*} ,0 <1< [2ylogn]) €] =Px[(Z,0 <t < [2ylogn]) €]

Combining the error probabilities of (2.4) and (2.8)

P(“gr(;ilognw‘ > [n"]) = Plx‘(ér(ga)/lognw} > [n"1)P(1;)
=Pz (Z)((Zylogn] > [n"1)P(L;)
> Pz(B, N F)P(I))
= P (B)P(F.|B)P(I})
> p(1=Csn™ "1 —n""?) > p—6

for large enough n. .

Lemma 2.2 shows that the dual process starting from one vertex will with probability
> p — & survive until there are [#°] many occupied sites. The next lemma will show that if
the dual starts with [#°] many occupied sites, then for some € > 0 it will have [en] many
occupied sites within time [en] with high probability.

Lemma2.3. Ifq(r—1) > 1, then there exists €, > 0 such that for any A with |A| > [n"]

AA
the dual process & satisfies

P(  max ’éf’ < €n) < exp(—n"*).
Ig]’eln—nh'\

Proof. Choose n > 0 such that (¢ — n)(r — 1 —n) > 1, and let €y(n) be the constant in
Theorem 2. Take €; = €y(n). Let v = min{r : [E}] > [e;n]}. Let F, = {|§}| > €2, + 1},
and

B, ={at least (¢ — n) |§,A| occupied sites of £4 give birth},

C, {|U,*| >r—-1-— r/)|U,|}, where U, = {x € ?;‘[A : x gives birth}.

Random Structures and Algorithms DOI 10.1002/rsa
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Now if B, and C, occur, then

A = |Uf| = =1 =IUI = (=1 =g — )& > |E], (2.9)

i.e. F;y occurs. So F,,y 2 B, N C, for all t > 0. Using the binomial large deviations, see
Lemma 2.3.3 on page 40 in Durrett [3],

Pg, (B/|E!) = 1 —exp (=T'((q — m/9)q|E)), (2.10)

where I'(x) = xlogx—x+1 > Oforx # 1.If wetake Hy = {|§6‘| > [n’1}and H, = N!_,F,,
then |§[A| > [n”] on the event H, for all ¢+ > 0. Keeping that in mind we can replace |§[A| in
the right side of (2.10) by n” to have

P, (BENH,) < Pg, (B N {|EX] = 1)) < exp(—=T'((q — n)/q)gn”) ¥t =0. (2.11)

The same bound also works for the unconditional probability distribution P. Next we see
that Pg, (C,|U;) > 1gc, where E = E(|U,|,(r — 1 — n)|U,|), as defined in Theorem 2.
Taking expectation with respect to the distribution of G,, P(C,|U,) > P(E°). Since for
t <v, U] < e(nn, and |U,| > (g — n)n® > n?/(r — 1) on H, N B,, using Theorem 2

P(C:NB.NH, N{t <v}) <P[CN{(0’/(r— 1) <|U| < en}]

b
n n n(r—1)
< —= 1 . 2.12
_exp( 271 og o ) (2.12)

Combining these two bounds of (2.11) and (2.12) we get

P(F¢

L NH Nt <v}) <P(B,NC) NH N{t <))

<P(B;NH)+P(C;NB,NH N{t <v}) < exp(—n"?)

for large n. Since v < [e;n — n"] on Hy,, b1

P > [ein—n"1) <P[(v > [en—n") N (Utt'l"*"b] F)]
(qnfnb'\
Z P(FENH_ N{v>1—1))

t=1

([ein — n"7) exp(—n"’?) < exp(—n""*)

IA

IA

for large n and we get the result. .

The next result shows that if there are [en] many occupied sites at some time for some
€ > 0, then the dual process survives for at least exp(cn) units of time for some constant c.

Lemma24. Ifq(r—1) > 1, thenthere exist constants ¢ > 0 and ¢, > 0 as in Lemma 2.3
such that for T = exp(cn) and any A with |A| > [en],

P(}Iglg ’éﬂ < eln) < 2exp(—cn).

Proof. Choose n > 0 so that (g — n)(r — 1 —n) > 1, and then choose €,(n) > 0 as in
Theorem 2. Take €; = €(n7). For any A with |A| > [e;n], let U, = {x € & : x gives birth},
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t=0,1,....If |U]| < |en], then take U, = U;. If |U]| > €;n, we have too many vertices
to use Theorem 2, so we let U, be the subset of U, consisting of the |e;n] vertices with
smallest indices. Let

F,={|| = [anl},  H =n_F,
B, = {atleast (7 — 1) |§[A| many occupied sites of £4 give birth},
C={|u| = - —1-miul}.
Now using an argument similar for the one for (2.9), F,,.; NH; D {3, NC,NH, forany ¢ > 0.
Using our binomial large deviations result (2.10) again, Pg, (B,|§;“) > 1 —exp(—T'((g —
m/q)q|€]]). On the event F,, |§| > [€;n], and so
P, (B NH,) < Pg, (BS N {|E}] = Tein1}) < exp(=T((q — n)/q)gein).

The same bound works for the unconditional probability distribution P.
Since |U;| < €n, and on the event H, N B, |U,| > (¢ — n)ein > €n/(r — 1), using
Theorem 2 and similar argument which leads to (2.12) we have

P(C"ﬂH ﬂB)<ex T_an lo r—1
A U P ey

Combining these two bounds

P(F¢

t+1

NH,) <P[(B,NC) NH,]
<P(B;NH,)+P(C;NB,NH,) < 2exp(—2c(n)n),

1 . q—n n € r—1
== r{—— , = 1 .
c(n) 2mm{ ( 7 >qe] 271 og -

Hence for T = exp(c(n)n)

where

P(inf [€1| < e;n) < P(U FY)

t<T
L7)-1
< Z P(F; , N G,) < 2T exp(—2c(n)n) = 2exp(—c(n)n).
=0

which completes the proof. .
Lemma 2.4 confirms prolonged persistence for the dual. We will now give the

Proof of Theorem 1. Choose § € (0,gqr — 1) and y = (20logr)~". Define the random

. . ~fx) . .
variables Y,,1 < x < n, so that ¥, = 1 if the dual process &  starting at x satisfies
|$[(;)}, logn| = [n"] for b = y log(gr — 8), and Y, = 0 otherwise. By Lemma 2.2, if n is large,
then

EY, > p—§ forany x.

Let 7!, 7., and o™¥'° be the stopping times as in (2.3), and I!,I,, be the cor-
responding events as in Lemma 2.1. Recall that GLM is the subgraph with vertex set
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Vo N {u : dy(x,u) <M}. On the event [, Gx,my logn] and Gz,[zy logn) are oriented finite
r—trees consisting of disjoint sets of vertices, since 2r/?1°8"1 < p!/5 by the choice of y.

. . o T b Al
Hence if P, is the conditional distribution of (§ ', & 7 given I, then
P [(EM,0 <t < [2ylogn]) € (§9.0 <t < [2ylogn]) € -]
=P, [(EM.0 <1< 2ylogn]) € ]P, [(§.0 <t < [2y logn]) € -].

Having all the ingredients ready we will now estimate the covariance between the events
{Y, = 1} and {Y, = 1} for x # z. Standard probability arguments give the inequalities

P(Y,=1Y,=1) <P[(Y,=1Y.=DNIL]+P(,)
=P, (Y, =1,Y. = DP(.) + P(I,)
=P, (Y, = DP, (Y, = DPU,,) +P(L,)
=P[(Y, = D) NI JP[(Y; = 1) NI ]/PU..) +P(I,)
<P(Y, = DP(Y, = 1)/P(,,) + P(I..).

Subtracting P(Y, = 1)P(Y, = 1) from both sides gives
PY,=1Y,=1)—-P¥,=1)P¥.,=1)
1
<PY¥.,=DPY.,=1)|—— —1 P(I¢
< Pat = 0P = (g = 1) + PG
< P(I2)[1 + 1/PUL)], 2.13)

where in the last inequality we replaced the two probabilities by 1. Now from Lemma 2.1
P(I¢,) < 5077, and so

PY,=1Y.=1)—P¥,=DPY.=1) <5n 1 +1/(1 = 5075)) < 15073

for large enough 7. Using this bound,

var (Z Yx) <n+15n(n — Dn™35,

x=1

and Chebyshev’s inequality shows that as n — oo

- n+ 15n(n — 1)n=37
P ( ;(Yx —EY)| > n8> < o - 0.
Since EY, > p — §, this implies
lim P (Z Y. >n(p — 28)) = 1. (2.14)
x=1

Our next goal is to show that & contains the randomsetD = {x : Y, = 1} atT = T, + 1>,
a time that grows exponentially fast in n. We choose n > 0 so that (g — n)(r — 1 —n) >
1. Let €; and c¢(n) be the constants in Lemma 2.4. If Y, = 1, then |$}T}| > [n’] for
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T, = [2y logn]. Combining the error probabilities of Lemmas 2.3 and 2.4 shows that for
T, = |exp(c(n)n)] + [e;n — n®7, and for any subset A of vertices with |A| > [n”]

P(|é}| = [ein]) = 1 —3exp(—n"*) (2.15)
for large n.

Let C be the set of all subsets of V,, of size at least [#”], and denote C, = é}f} . Using the
duality relationship of (1.4) for the conditional probability distribution

PO =P(- 0=t <T.xeV,),
we see that

,P(STlﬁTz 2 D) = P[ Nen {x € ST11+Tz}]
=P Neer {&7)sr, # 9}]

Since D = {x : Y, = 1}, it follows from the definition of Y, that C, € C for all x € D. So
by the Markov property of the dual process the above is

Z P[ ﬁxeD (57(")1(}+T2 # @, §7(")1() = Cv)]

CxeC.xeD

> PLNen (& #0)P[ N (&) = C)]

CyeC.xeD

Using (2.15) P57 # ) > P(I€7"| > [€1n]) = 1 — 3exp(—n®/*). So the above s

> (1 =3IDlexp(=n"*) >~ P[Nee (¢ = C)]
CyeC.xeD

>1-—3n exp(—nb/4).

For the last inequality we use |D| < n and P(Y, = 1Vx € D) = 1. Since the lower bound
only depends on r, the unconditional probability

P(&) .y, 2 fx: Yo =1}) = 1 = 3nexp(—n"").

Hence for T = T, + T, using the attractiveness property of the threshold contact process,
and combining the last calculation with (2.14) we conclude that as n — o0

1 1
ian<@>p—28)=P<@>p—28>
1<T n n

ZP("?TIQ{X2Yx=1},ZYX2n(p—28)> — 1.

x=1
This completes the proof of Theorem 1. .

Random Structures and Algorithms DOI 10.1002/rsa



ANNEALED APPROXIMATION OF RANDOM BOOLEAN NETWORKS 241
3. PROOF OF THEOREM 3

Recall the definition of the active sets A’;, k=0,1,..., 8, and the removed sets R’;, k =
0,1,..., B, introduced before Lemma 2.1. Also recall the stopping times 7! and &™’ in
(2.3) and define

ml=min{l>n:|R| <l-1}.

This is the time of second collision while exploring G,, starting from x. First we show that
with high probability for every vertex x € V, the second collision occurs after [n!/47%]
many steps for any § € (0, 1/4).

Lemma 3.1. Let § € (0,1/4) and I? be the event
IF={n}AB =l *L
Then for I = Nyey, 1%, P(I€) < 2n~* for large enough n.

Proof. Let§ = (1/4) — §. Since in the construction of the random graph G, the input
nodes y;(z),1 < i < r, for any vertex z are distinct and different from z, there are at least
n — r choices for each y;(z). Also |R'| < [ forany [. So P(|R*| = |R*"1) < (k—1)/(n—r).
Now if 7 fails to occur, then there will be k; and k, such that 1 < k;, < k, < [’ and
IRY| = RS | fori = 1,2. So

PIR)]= X PB(RY|=|RN

1<k <kp<n®"

(b — ks — ) (=Dl — 1) _
= Y Ty s X ey =utr

n

R2| =[R2

>

1<k) <ky<[n®' 1<ky ko <[n®']

for large enough n. The second inequality holds because the choices of the input nodes are
independent. Hence P(I°) < Y _, P[(I?)] < 2n®' ! = 2n~%. .

x€Vy

Lemma 3.1 shows that with high probability for all vertices there will be at most one
collision until we have explored [1'/4~*] many vertices starting from any vertex of G,.
Now recall the definition of the distance functions dy and d from (1.6), and m(A, K) given
in (1.7). Let R = logn/logr, a = (1/8 — §) and let p be the branching process survival
probability defined in (1.2).

Lemma 3.2.  Let P; denote the conditional distribution of é {X},x e V, given I, where I is
the event defined in Lemma 3.1. If qr > 1 and 8 is small enough, then for any 0 < § < §
there are constants C(§) > 0, B(§) = (1/8 — 2§) log(gr — &)/ log r and a stopping time T
satisfying

Pi(T < 2exp(C($)n"?)) < 2exp[-C(8)n"?],
such that for any A with m(A, 2[aR]) > |n*®], |§7¢\| > (PO,
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Proof. Letm, = m(é{‘, 2[aR]). We define the stopping times o; and t; as follows. oy = 0,
and fori > 0

Ty = min{t > o; 1 m, < [n®]},

. . B
o =min{t > 1y 1m; > |07 ]}

Since 7; > o;_; fori > 1, my_; > [n®], and hence there is a set X; C ééﬁfl of size at
least |#®] such that d(u,v) > 2[aR] for any two distinct vertices u,v € X;. Let E; be the
event that at least (¢ — 8)|X;| many vertices of X; give birth at time 7;. Using the binomial
large deviation estimate (2.10)

Pg,(E) = 1 —exp(=T((q — 8)/q)qLn"]), (3.1

where I'(x) = xlogx —x + 1.

Now let I be the event defined in Lemma 3.1. Since |{z : dy(x,z) < 2[aR]}| is at
most 2721 < 2rn? < p'/4=% 50 if I occurs, then for any vertex x € V, there is at most
one collision in {z : dy(x,z) < 2[aR]1}, and hence there are at least r — 1 input nodes
Uy (x), ..., u-_1(x) of x such that {z : dy(u;(x),z) < 2[aR] — 1} is a finite oriented r—tree
for each 1 < i < r — 1. Since the right hand side of (3.1) depends only on n,

Pi(INE;) = Pi(E) > 1 —exp(—c,(§)n),

where ¢, (§) = I'((g—98)/q)q/2.If INE; occurs, then we can choose one suitable offspring
of each of the vertices in X;, which give birth, to form a subset N; C é;‘? such that |N;| >
(g —8)|n®], d(u,v) > 2[aR] — 2 for any two distinct vertices u,v € N;, and {z : dy(u,z) <
2[aR] — 1} is a finite oriented r—tree for each u € N,.

By the definition of V; it is easy to see that for each x € N;

P[(JEM),0 <t <2[aR) — 1) € ] = Px[(2',0 <t < 2[aR] - 1) € -],
where Z* is a supercritical branching process, as introduced in Lemma 2.2, with distribution

Pz and mean offspring number gr. Let B, be the event of survival for Z*, and F, =

MR A Z5, = (qr — 8)Z;}. So P2x(B,) = p > 0 as in (1.2). Using the error probability

of (2.7)

[aR1—2
PZ.\‘ (F;|BX) < Z e*C’((S)t < C(sef(r/(ﬁ)(s logn/(2logr) — Csnfc’(S)é/(Z logr) (32)
t=[6R]—1

for some constants Cs, ¢/(§) > 0. On the event B, N F,,

ZFaR]fl z (qr _ 5)(]'aR‘\71)7(L5RJ71) 2 (qr _ 8)(1175)R — n(afé) log(gr—3é)/logr — l’lB.

Hence for 0, = {|§({f,,}ﬂ71| > [n®]} for x € N;, we use standard probability arguments and
(3.2) to have

Pr(Qy) = Pi(|Elk_i| = Tn"1) = Ppe(Zi gy, = [0°1)
> Pyx(B, NF,) > Pyx(B)Psx(F,|B,) > p — § (3.3)

for large enough n.
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§ince d(u,v) > 2[aR] — 2 for any two distinct vertices u,v € N;, §,N " is a disjoint union
of é,{x] over x € N; fort < [aR] — 1. Let H; be the event that there is at least one x € N; for
which Q, occurs. Then recalling that [N;| > (g — 8)|n® ] on E;,

Pi(H|E) < (1= p+8) ") = exp(—cy(6)n®), (34)

where ¢;(8) = (g — 8) log(1/(1 — p +6))/2.

If H; N E; occurs, choose any vertex w; € N; such that Q,,. occurs and let §; = é;:,é%_l. By
the choice of w;, |S;| > [n®]. Since ([aR] — 1) + [aR] = 2[aR] — 1, for any two distinct
vertices x, z € S; the subgraphs induced by {u : do(x,u) < [aR]} and {u : dy(z,u) < [aR]}
are finite r—trees consisting of disjoint sets of vertices, and hence d(x,z) > 2[aR]. Hence
using monotonicity of the dual process o; < 7; + [aR] — 1 on this event H; N E;. So

Pi(0; > T+ [aR] — 1) < P(Ef) + P;(H{|E;) < 2exp(—2C(8)n”),
where C(6) = min{c(d),c,(8)}/2. Let L = inf{i > 1 : 0; > 1; + [aR] — 1}. Then

P,[L > exp(C(6)n®)] > [1 — 2eXp(—2C(8)n3)]exp(C(8)nB)

>1-— Zexp(—C((S)nB).
Since 0; > T, > 0,1, 001 > 2(L — 1). As |§§‘L_]| > |n®], we get our result if we take
T = Or—1. [ ]

As in the proof of Theorem 1, survival of the dual process gives persistence of the
threshold contact process.

Proof of Theorem 3. Let0 < § < 8p,p,a = (1/8 —§) and B = (1/8 — 2§) log(gr —
8)/ log r be the constants from the previous proof. Define the random variables Y,, 1 < x <
n, as Y, = 1 if the dual process ém starting at x satisfies |§‘r[ﬁ3]71| > |n¥]and Y, = 0
otherwise.

Consider the event I! = {z! A B, > a™'/*"*}, where 7!, B, and o'/**? are stopping
times defined as in (2.3). Using Lemma 2.1 and 3.1

. ]P[(]xl)c] p—201/4+8) B
PLEY] = =50~ = Togmm =277 (3.5)

.. . Al .
Let J, = I N1} and Py, be the conditional distribution of & ~ given J,. Since the number
of vertices in the set {u : do(x,u) < [aR] — 1} is at most 2r[*®1~-1 < 27 < pl/4=5 by the
choice of a,

PL[(|EM].0 <t <TaR] —1) € ] =Px[(Z.0<t < [aR] - 1) €],

where Z* is a supercritical branching process, as introduced in Lemma 2.2, with distribution
Pzx and mean offspring number gr. Let B, and F, = ﬂ{iﬂ;ﬁ_ﬁZﬁM > (gr — 8)Z'}. So
Pz (B,) = p > 0 asin (1.2), and similar to (3.2)

[aR1—2
P (F¢|B,) < Z e O1 < Oy ®3/210zn)
1=15R]|—2
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for some constants Cs, ¢'(8) > 0. On the event B, NFy, Z} x| = (qr — 8)[RI=D-(0RI=2) >
(gr — 8)“@ R > |n®|. Hence using (3.5)

Pi(Ye=1) = P(1} N {[E0k 1| > L1n°1})
= P ([$fokri | > Ln"])Pi(T)
=Py (Zip_y > L0 ])Pi(1)
> Pzx(B. N F)P(I}) = Pzx(Bo) Pz (F|BOP (1)) = p — 8
for large enough n.
Next we estimate the covariance between the events {Y, = 1} and {¥, = 1}. We consider

the stopping times 7!, B, 7, ., &™"/**® as in (2.3) and the corresponding event I, as in
Lemma 2.1. We can use similar argument, which leads to (2.13), to conclude

P(Y,=1,Y.=1) = P(Y, = DP(Y. = 1) < P(I.) (1 + 1/P:(L.)).

From Lemma 2.1 and 3.1,

P(I¢ —2(1/4+8)
PI(IC ) = (M) < on < 10n~ /729
YT PA) T 1—2N% T

for large enough n, and so
Pi(Yy=1Y.=1) = P/(Y, = DP;(Y. = 1) < 30n" /2
for large n. Using the bound on the covariances,

var; (Z Yx> <n+30n(n— Hn >,

x=1

and Chebyshev’s inequality gives that as n — oo
Z(Yx —EYy) = 282

p, (
x=1

_ —26
. n8) _ 30— b

Since EY, > p — § for all x € V,, this implies

lim P, (Z Y, > n(p — 25)) =1. (3.6)

x=1

Our next goal is to show that & contains the random set D = {x : ¥, = 1} with high
probability for a suitable choice of 7. If Y, = 1, then |§}’l‘)| > |n®], where T; = [aR] — 1.
Note that [aR] — 1+ [aR] < 2[aR], and on the event I there can be at most one collision in
{u : dy(x,u) < 2[aR]}. Even though the first collision occurs between descendants of two
vertices in 5} !, still we can exclude one vertex from éT to have a set W, C S{X} of size at
least |n® | such that for any two distinct vertices z, w € W,, the subgraphs induced by {u :
do(z,u) < [aR]}and {v : dy(w,v) < [aR]} are finite oriented r—trees consisting of disjoint
sets of vertices, i.e.d(z, w) > 2[aR].Soif Y, = 1,then m(é}):], 2[aR]) > |n®] ontheeventl.
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Using Lemma 3.2, after an additional T, > 2 exp(C(8)n®) units of time, the dual process

contains at least |n®| many occupied sites with P; probability > 1 — 2exp(A—C(8)nB).
Let F be the set of all subsets of V, of size > |[n®], and denote F, = E}’I‘). Using the
duality relationship of (1.4) for the conditional probability P,(-) = P(-|I), where

PO =P(-|EM0<r<T,xeV,),
we see that
Pr (STII i =2 D) = 7)1[ MNyep {x € %.T11+T2}]
=Pi[ Nwen {8141, # 9],

Since D = {x : Y, = 1}, F, € F for all x € D. So by the Markov property of the dual
process the above is

Z 7DII: m)cED (§7{'T}+T2 # @7 é;‘j} = Fr)]

FyeF xeD

Z PI[ m)(ED (é:][;)( # ﬂ)]PI[ ﬁ)ceD (57{‘/;} = Fx)]

FyeF xeD

Now since W, C F,, using monotonicity of the dual process, P; (éTF; # ) > P,(éTVZX # ).

Also using Lemma 3.2, P,(|§¥2/"| > |nf]) > 1 — 2exp(=C(8)n®) for any F, € F. So the
above is

> (1 —2[Dlexp(=C(®)n") Y Pi[ Nien (61} = F.)]

FxeF xeD

> 1 — 2nexp(—C(8)n®).

For the last inequality we use |D| < n and P,;(Y, = 1Vx € D) = 1. Since the lower bound
only depends on n,

PI(E}lJrTZ OD{x:Y, = 1}) > 1 —2nexp(—C(8)n®)
= P(€}1+T2 D{x:Y, = 1}) >PW[1 — 3nexp(—C(6)nB)] — 1,

as n — oo, since P(I) > 1 — 2n~* by Lemma 3.1.
Hence for T = T, 475 using the attractiveness property of the threshold contact process,
and combining the last calculation with (3.6) we conclude that as n — oo

1 1
ian<@>p—25)=P(@>p—28>
1<T n n

zP(sT‘z{x:Yx=1},Zszn(p—28>> -1,

x=1

which completes the proof of Theorem 3. .
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